At low temperatures, monolithic bulk metallic glasses (BMGs) exhibit high strength and large elasticity limits. On the other hand, BMGs lack overall ductility due to highly localized deformation mechanisms. Recent experimental findings suggest that the problem of catastrophic failure by shear band propagation in BMGs can be mitigated by tailoring microstructural features at different length scales to promote more homogeneous plastic deformation. Herein, based on a continuum approach, we present a quantitative analysis of the effects of microstructure on the deformation behavior of monolithic BMGs and BMG composites. In particular, simulations highlight the importance of short-ranged structural correlations on ductility in monolithic BMGs and demonstrate that particle size controls the ductility of BMG composites. In broader terms, our results provide new avenues for further improvements to the mechanical properties of BMGs.
properties of BMG composites [20] [21] [22] , which are computationally difficult to scale up to the meso and macroscales, or mesoscale properties of monolithic BMGs; the latter approach usually incorporates coarse-grained shear transformation zones (STZs) as the main carriers of plasticity [23] [24] [25] [26] [27] [28] [29] [30] . In this Letter, we present a continuum model, which phenomenologically incorporates the spatial heterogeneity of metallic glasses at the atomic scale, and captures the formation and propagation of shear bands and their interaction with ductile particles at larger length scales. By using this approach, we demonstrate that the connectivity of rigid SRO regions plays a key role in the deformation behavior of monolithic BMGs, while in the BMG composite case, we quantify the effects of reinforcement particle size and area fraction on the overall ductility.
The theory may be developed as follows. As in conventional STZ approaches, we assume that every volume element in the BMG is susceptible to a localized slip event in a direction dictated by the (unit) vectorn(r); the spatial variation inn reflects the structural heterogeneity in the disordered material. In the subsequent analysis, we focus on 2D systems; extension to 3D is straightforward. Next, we write down a local nonlinear deformation energy density, which is multi-valued in the shear strain alongn = [cos θ(r), sin θ(r)] (and thus allows for slip events [31] ), in terms of the displacement field u(r, t)
Here, u ij ≡ ∂u i /∂x j , ij ≡ (∂u i /∂x j + ∂u j /∂x i )/2, e 1 ≡ u xx + u yy , e 2 ≡ (u xx − u yy ) cos 2θ + (u xy + u yx ) sin 2θ, and e 3 ≡ (u xy + u yx ) cos 2θ − (u xx − u yy ) sin 2θ, while K(r) and µ(r) denote the bulk and shear moduli, respectively, which generally vary within the microstructure and are deformation history-dependent [32, 33] . We note that the expression in Eq. 1 reduces to the standard quadratic elastic energy density [34] in the small strain limit.
Under simple shear loading, the active STZs are oriented such that θ = 0 or π/2, which implies that the total deformation energy can be written as
Here, ∆(r) can be interpreted in two equivalent ways: it sets the local shear strain that each element has to experience in order to undergo a phase transition between an unslipped and slipped states, and it also controls the energy barrier associated with such a slip event. In the crystalline phase, ∆(r) is constant [31] , while in the glassy phase, structural heterogeneity can be incorporated by assuming that ∆(r) is a quenched, Gaussian random variable with average ∆(r) = ∆ 0 and a two-point correlation function [∆(r)
, where σ 2 and ξ denote the variance of the distribution and a structural correlation length, respectively. In monolithic BMGs, ∆(r) is used as a descriptor that distinguishes between domains of rigid (large CN) and soft (low CN) SRO. Details of how ∆(r) is used to characterize regions of rigid/soft SRO are discussed below. We note that in the limit ∆ = const., our model reduces to the treatment of plasticity in monolithic BMGs at a mean-field level by Johnson and Samwer [35] ; within mean-field theory, the local strain at the onset of global shear banding is given by ∆ BM G /4. As is customary in diffuse-interface approaches, the last term in Eq. 2 contains higher order gradients in the displacement field, and is invoked to regularize strain gradients on scales < ∼ W/ √ µ, where W represents an effective interfacial energy. Finally, within the Ginzburg-Landau formalism adopted here, the dynamics of the dimensionless displacement field follow from [31]
where
are dimensionless parameters controlling the elastic wave speed and the damping characteristics of the system, respectively. Here, η and ρ 0 denote shear viscosity and mass density, while t r , l r and K r are the reference units for time, length and stress. In this work, length scales were measured in terms of the structural correlation length ξ ∼ 1nm, while stress components are measured in units of the bulk modulus of the ductile phase. BMG systems were simulated under simple shear loading with a net macroscopic strain of 18%. The dynamical equations for the displacement field were integrated on a 512×512 uniform lattice with ∆x = ∆y = 1 and a time step ∆t = 0.003. The parameters η * and Γ * were chosen to be 80 and 240, respectively; we verified that with these choices, stresses relax effectively instantaneously relative to the externally imposed (dimensionless) strain rate, 2 × 10 −4 , up until the propagation of incipient shear bands.
Let us first examine the effects of rigid/soft SRO distributions on the mechanical behavior of monolithic BMGs, modeled as two-phase microstructures with an area fraction, φ, corresponding to the rigid SRO populations. Regions with full icosahedra are rigid and have higher shear transition barriers [9] ; thus, they are assigned larger ∆ 0 values than soft SRO domains. In order to assess the role of structural heterogeneities in the deformation behavior of BMGs, ∆ 0 values for rigid/soft SRO domains were varied such that the average ∆(r) for the whole BMG system is fixed at ∆(r) BM G = 0.6; in mean-field theory, the total-strain-at-failure is given by 0.15 in this case. The spatial variations in ∆ were implemented as follows. First, two distributions ∆ r (r) and ∆ s (r), corresponding to rigid and soft SRO domains, respectively, were generated. ∆ r (r) and ∆ s (r) have the same form for the two-point correlation function (with σ 2 = 0.0125) but differ in ∆ 0 as discussed above.
Next, a fraction φ of the lattice sites are independently labeled as rigid SROs. Once a given lattice site was labeled rigid (soft), its ∆ value was set equal to the local ∆ r (∆ s ) value.
K(r) = µ(r) = 2, while ξ = 2 and W = 1. Results were averaged over 5 runs to account for sample-to-sample variations.
Several monolithic BMGs were examined, denoted BMG1, BMG2 and BMG3, with Fig. 2(a) . Ductility is enhanced, while strength is reduced, as φ decreases. This trend is in agreement with atomistic simulations of BMGs [9, 12] . Note the dramatic deviations of the global strain at the onset of shear banding from the mean field theory prediction ∆ BM G /4 = 0.15.
Next we examine the effects of morphology and spatial distribution of crystalline domains on the mechanical properties of BMG composites. To this end, microstructures with monodisperse crystalline domains were generated by randomly placing circular particles in the glassy matrix. Two BMG composites, each with 40% area fraction of crystalline phase but differing in the particle size R (R = 36.5 and R = 10.5, respectively), were examined. Fig.   1 (d) shows a representative BMG composite with particle size R = 36.5. The glassy phase was assumed to be rich in rigid SRO with ∆(r) = ∆ 0 = 0.6, ξ = 1 and σ 2 = 0.08 , while for the ductile phase, ∆(r) = 0.2. In the following simulations, K(r) = µ(r) = 2 in the glassy phase and was assumed to be twice as large as the moduli for the ductile phase [36] . To account for sample-to-sample variations, results were averaged over 10 runs.
Figures 1(e) and (f) show shear strain contours for the BMG composite with R = 35.6 at 8% and 11% nominal strains, respectively. The heterogeneous nature of BMG composite microstructure leads to a nonuniform state of deformation, as can be seen in Fig. 1(e) . Due to the low energy barrier to slip associated with the ductile particles, they readily accumulate localized plastic strain. Note that a shear band is starting to develop in the BMG composite at a later stage (11% nominal strain) than the monolithic counterpart (8.5% nominal strain).
This is an indication that the addition of ductile particles mitigates shear banding in BMG systems. To quantify this effect, we have examined the stress-strain behavior for these BMG composites, shown in Fig. 2(b) . It can be seen that BMG composites are characterized by strain-induced hardening and large plastic strain-to-failure values. At 40% area fraction of the ductile phase, the BMG composite with smaller particle size (R = 10.5) exhibits more ductility and higher strength values than the larger one with R = 36.5. This is due to the presence of glass/crystalline interfaces along with the elastic mismatch, which enable plastic deformation to be globally distributed, thereby mitigating shear band nucleation.
Lastly, we examine the ultimate strength, σ U T S , and total strain-to-failure, γ f , (peak point in the stress-strain curve) as a function of morphology and area fraction, φ, of the ductile particles. As depicted in Fig. 3(a) , σ U T S of a composite decreases monotonically as the content of the crystalline phase increases. At a fixed φ, composites with smaller particles exhibit higher strength values. The trend observed in Fig. 3(a) was experimentally observed in BMG composites, where the compressive/tensile yield strengths are monotonically decreasing functions of the area fraction [14] . Furthermore, Fig. 3(b) shows the nonlinear behavior of γ f as a function of φ. Small area fractions are ineffective in improving ductility, while larger area fractions lead to an increase in γ f over the monolithic BMG. At a fixed φ, a large number of small crystalline domains is more effective in obstructing the extension of shear bands than a small number of large domains. At φ values above ∼ 40%, ductility increases rapidly for both BMG composites. The nonlinear dependence of γ f as a function of φ can be related to a percolation transition in the BMG composite [14] . Finally, at a fixed φ, the results shown in Fig. 3 (c) suggest that γ f (R) ≈ γ 0 f + const./R, implying that ductility of BMG composites can be improved by introducing fine-scale microstructural features.
These trends in the data can be explained by assuming that the shear band spacing λ ∼ R, and further assuming that the plastic strain γ f ≈ w SB /λ, in accordance with Ref. [19] . Our findings suggest that, in addition to the volume fraction of the ductile phase, the mechanical properties of BMG systems can be optimized with respect to the characteristic particulate length scales and morphology.
In summary, we have introduced a mesoscale model for BMG systems, which accounts for the structural heterogeneity of monolithic BMGs and BMG composites, and captures the fundamental aspects of plastic deformation in such systems. The effect of internal structure, characterized by rigid/soft SRO, on the deformation behavior of monolithic BMGs was investigated, while for BMG composites, we examined the roles of ductile particle size and area fraction in enhancing overall ductility. In the former case, we demonstrated that the connectivity of the rigid SRO regions plays a key role in the deformation behavior of monolithic BMGs, while in the latter case, it was shown that (a) the ductility of the composite is a non-linear function of the area fraction of the reinforcement phase and (b) ductility is inversely proportional to the ductile particle size.
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